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In the present paper we consider a class of extended scalar-tensor-Gauss-Bonnet (ESTGB)
theories for which the scalar degree of freedom is excited only in the extreme curvature
regime. We show that in the mentioned class of ESTGB theories there exist new black hole
solutions which are formed by spontaneous scalarization of the Schwarzaschild balck holes
in the extreme curvature regime. In this regime, below certain mass, the Schwarzschild
solution becomes unstable and new branch of solutions with nontrivial scalar field bifurcate
from the Schwarzschild one. As a matter of fact, more than one branches with nontrivial
scalar field can bifurcate at different masses but only the first one is supposed to be stable.
This effect is quite similar to the spontaneous scalarization of neutron stars. In contrast with
the standard spontaneous scalarization of neutron stars which is induced by the presence
of matter, in our case the scalarization is induced by the curvature of the spacetime.
PACS numbers: 04.40.Dg, 04.50.Kd, 04.80.Cc
I. INTRODUCTION
The historic direct detection of gravitational waves has opened a new era in physics, giving
a powerful tool for exploring the strong-gravity regime, where spacetime curvature is extreme.
General Relativity is well-tested in the weak-field regime, whereas the strong-field regime still
remains essentially unexplored and unconstrained. There are both phenomenological and the-
oretical reasons for the modification of the original Einstein quations. For example, predictions
based on General Relativity and the Standard Model of particle physics fail to explain the accel-
erated expansion of the Universe. It is also well known that the pure general relativity is not
a renormalizable theory which poses severe obstacles to the efforts of quantizing gravity. The
renormalization at one loop demands that the Einstein-Hilbert action be supplemented with all
the possible algebraic curvature invariants of second order [1]. On the other hand, the attempts
to construct a unified theory of all the interactions, naturally lead to scalar-tensor type general-
izations of general relativity with an additional dynamical scalar field and with Lagrangians con-
taining various kinds of curvature corrections to the usual Einstein-Hilbert Lagrangian coupled to
the scalar field [2]-[5]. The most natural modifications of this class are the extended scalar-tensor
theories (ESTT) where the usual Einstein-Hilbert action is supplemented with all possible alge-
braic curvature invariants of second order with a dynamical scalar field nonminimally coupled to
these invariants
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2The equations of the ESTT in their most general form are of order higher than two. This in
general can lead to the Ostrogradski instability and to the appearance of ghosts. However, there
is a particular sector of the ESTT, namely the sector where the scalar field is coupled exactly to the
Gauss-Bonnet invariant, for which the field equations are of second order as in general relativity
and the theory is free from ghosts. Due to these reasons, in the present paper we shall focus
on the extended scalar-tensor-Gauss-Bonnet (ESTGB) gravity as a natural modification of general
relativity and a natural extension of the standard scalar-tensor theories.
A particular model of ESTGB gravity, the so-called Einstein-dilaton-Gauss-Bonnet(EdGB)
gravity, was extensively studied in the literature. The nonrotating black holes in EdGB gravity
with a coupling function αeγϕ and vanishing potential for the dilaton field, with α and γ being
constants, were studied perturbatively or numerically in [6]-[9]. It was shown that the EdGB
black holes exist only for α > 0 and when the black hole mass is greater than certain lower bound
proportional to the paremeter α. The slowly rotating EdGB black holes were studied in [9], [10]
and [11]. The rapidly rotating EDGB black holes were constructed numerically in [12]-[14]. The
rotating EdGB black holes can exist only when the mass and the angular momentum fall in certain
domain depending on the coupling constant. Another interesting fact about the EdGB black holes
is that they can exceed the Kerr bound for the angular momentum.
In the present paper we shall consider a class of ESTGB theories with a scalar coupling func-
tions for which the scalar degree of freedom is excited only in the extreme curvature regime. In
particular we shall show that in the mentioned class of ESTGB theories there exist new black
hole solutions which are formed by spontaneous scalarization of the Schwarzaschild balck holes
in the extreme curvature regime. In contrast with the standard spontaneous scalarization [15]-
[17] which is induced by the presence of matter, in our case the scalarization is induced by the
curvature of the spacetime.
II. BASIC EQUATIONS AND SETTING THE PROBLEM
The general action of ESTGB theories in vacuum is given by
S =
1
16pi
∫
d4x
√−g[R− 2∇µϕ∇µϕ−V(ϕ) + λ2 f (ϕ)R2GB], (1)
where R is the Ricci scalar with respect to the spacetime metric gµν, ϕ is the scalar field with a
potential V(ϕ) and a coupling function f (ϕ) depending only on ϕ, λ is the Gauss-Bonnet coupling
constant having dimension of length and R2GB is the Gauss-Bonnet invariant1. The action yields
the following field equations
Rµν − 12 Rgµν + Γµν = 2∇µϕ∇νϕ− gµν∇αϕ∇
αϕ− 1
2
gµνV(ϕ), (2)
∇α∇αϕ = 14
dV(ϕ)
dϕ
− λ
2
4
d f (ϕ)
dϕ
R2GB, (3)
1 The Gauss-Bonnet invariant is defined by R2GB = R2 − 4RµνRµν + RµναβRµναβ where R is the Ricci scalar, Rµν is the
Ricci tensor and Rµναβ is the Riemann tensor
3where ∇µ is the covariant derivative with respect to the spacetime metric gµν and Γµν is defined
by
Γµν = −R(∇µΨν +∇νΨµ)− 4∇αΨα
(
Rµν − 12 Rgµν
)
+ 4Rµα∇αΨν + 4Rνα∇αΨµ
−4gµνRαβ∇αΨβ + 4Rβµαν∇αΨβ (4)
with
Ψµ = λ2
d f (ϕ)
dϕ
∇µϕ. (5)
In what follows we shall focus on the case V(ϕ) = 0.
We consider further static and spherically symmetric spacetimes as well as static and spher-
ically symmetric scalar field configurations. The spacetime metric then can be written in the
standard form
ds2 = −e2Φ(r)dt2 + e2Λ(r)dr2 + r2(dθ2 + sin2 θdφ2). (6)
The dimensionally reduced field equations (2) are the following
2
r
[
1+
2
r
(1− 3e−2Λ)Ψr
]
dΛ
dr
+
(e2Λ − 1)
r2
− 4
r2
(1− e−2Λ)dΨr
dr
−
(
dϕ
dr
)2
= 0, (7)
2
r
[
1+
2
r
(1− 3e−2Λ)Ψr
]
dΦ
dr
− (e
2Λ − 1)
r2
−
(
dϕ
dr
)2
= 0, (8)
d2Φ
dr2
+
(
dΦ
dr
+
1
r
)(
dΦ
dr
− dΛ
dr
)
+
4e−2Λ
r
[
3
dΦ
dr
dΛ
dr
− d
2Φ
dr2
−
(
dΦ
dr
)2]
Ψr
−4e
−2Λ
r
dΦ
dr
dΨr
dr
+
(
dϕ
dr
)2
= 0, (9)
d2ϕ
dr2
+
(
dΦ
dr
− dΛ
dr
+
2
r
)
dϕ
dr
−2λ
2
r2
d f (ϕ)
dφ
{
(1− e−2Λ)
[
d2Φ
dr2
+
dΦ
dr
(
dΦ
dr
− dΛ
dr
)]
+ 2e−2Λ
dΦ
dr
dΛ
dr
}
= 0, (10)
(11)
with
Ψr = λ2
d f (ϕ)
dϕ
dϕ
dr
. (12)
4In the present paper we are interested in ESTGBT with coupling function f (ϕ) satisfying the
conditions2 d fdϕ (0) = 0 and b
2 = d
2 f
dϕ2 (0) > 0. Without loss of generality we can put b = 1 and
this can be achieved by rescaling the coupling parameter λ → bλ and by redefining the coupling
function f → b−2 f . In addition, since the theory depends only on d f (ϕ)dϕ , we can also impose
f (0) = 0.
The natural and the important question is whether the class of ESTGBT defined above admits
(static and spherically symmetric) black hole solutions. From the dimensionally reduced field
equations (7)–(10) it is clear that the usual Schwarzschlild black hole solution is also a black hole
solution to the ESTGBT under consideration with a trivial scalar field ϕ = 0. We shall how-
ever show that the Schwarzschild solution within the certain range of the mass is unstable in the
framework of the ESTGBT under consideration. For this purpose we consider the perturbations
of the Schwarzschild solution with mass M within the framework of the described class of EST-
GBT. It is not difficult to see that in the considered class of ESTGBT the equations governing the
perturbations of the metric δgµν are decoupled from the equation governing the perturbation δϕ
of the scalar field. The equations for metric perturbations are in fact the same as those in the pure
Einstein gravity and therefore we shall focus only on the scalar field perturbations. The equation
governing the scalar perturbations is
2(0)δϕ+
1
4
λ2R2GB(0)δϕ = 0, (13)
where 2(0) and R2GB(0) are the D’alambert operator and the Gauss-Bonnet invariant for the
Schwarzschild geometry. Taking into account that the background geometry is static and spheri-
cally symmetric, the variables can be separated in the following way
δϕ =
u(r)
r
e−iωtYlm(θ, φ), (14)
with Ylm(θ, φ) being the spherical harmonics. After substituting in (13) we find
g(r)
r
d
dr
[
r2g(r)
d
dr
(
u(r)
r
)]
+
[
ω2 + g(r)
(
− l(l + 1)
r2
+
1
4
λ2R2GB(0)
)]
u(r) = 0, (15)
where g(r) = 1 − 2Mr and R2GB(0) = 48M
2
r6 for the Schwarzschild solution. By introducing the
tortoise coordinate dr∗ = drg(r) which maps the domain r ∈ (2M,+∞) to r∗ ∈ (−∞,+∞), the
equation can be cast in the Schro¨dinger form
d2u
dr2∗
+ [ω2 −U(r)]u = 0 (16)
with a potential
U(r) =
(
1− 2M
r
) [
2M
r3
+
l(l + 1)
r2
− λ2 12M
2
r6
]
. (17)
2 We consider here the case when the cosmological value of the scalar field is zero, ϕ∞ = 0.
5A sufficient condition for the existence of an unstable mode is [18]
∫ +∞
−∞
U(r∗)dr∗ =
∫ ∞
2M
U(r)
1− 2Mr
dr < 0. (18)
For the spherically symmetric perturbations the above condition gives M2 < 310λ
2. Therefore
we can conclude that the Schwarzshild black holes with mass satisfying M2 < 310λ
2 are unstable
within the framework of the ESTGBT under consideration. Stated differently, the Schwarzshild
black holes become unstable when the curvature of the horizon exceeds a certain critical value –
in terms of the Kretschmann scalar of the horizon KH, the instability occurs when KH > 253λ4 .
This result naturally leads us to the conjecture that, in our class of ESTGBT and in the interval
where the Schwarzschild solution is unstable, there exist black solutions with nontrivial scalar
field. In the next sections we numerically prove that such black hole solutions really exist and
present some of their basic properties.
III. NUMERICAL SETUP
In order to obtain the black hole solutions with a nontrivial scalar field we solve numerically
the system of reduced field equations (7)–(10). The system of differential equations is transformed
in the following way in order to simplify the numerical calculations. Using equations (7) and
(8) one can straightforward obtain expressions for the metric function Λ and its derivative that
depend only on the metric function Φ, the scalar field ϕ and their derivatives. In this way the
system of equations (9)–(10) decouples from the rest of the equations and we are left with two
second order partial differential equations for Φ and ϕ. Let us point out that after a solution for Φ
and ϕ is found the metric function Λ can be constructed directly without the need for integration
due to the particular form of equation (8).
One can notice that in all of the reduced field equations the metric function Φ do not enter di-
rectly but only through its derivatives. That is why instead of solving two second order equations
one can solve one second order equation for the scalar field ϕ and one first order equation for the
first derivative of the metric function dΦ/dr. Later Φ can be found by simply integrating the re-
sulting dΦ/dr with the appropriate boundary conditions. Even though this might look like a very
small simplification it is very important since it reduces the number of the shooting parameters
from two to one and thus simplifies a lot the search for bifurcations of the Schwarzschild solution.
Let us discuss now the boundary and the regularity conditions. They come from the require-
ments for asymptotic flatness at infinity and the regularity at the black hole horizon r = rH. As
usual the asymptotic flatness imposes the following asymptotic conditions
Φ|r→∞ → 0, Λ|r→∞ → 0, ϕ|r→∞ → 0 . (19)
The very existence of black hole horizon requires
e2Φ|r→rH → 0, e−2Λ|r→rH → 0. (20)
6The regularity of the scalar field and its first and second derivatives on the black hole horizon
gives one more condition, namely
(
dϕ
dr
)
H
+
2λ2
rH
d f
dϕ
(ϕH)
(
dϕ
dr
)2
H
+
2λ2
r3H
d f
dϕ
(ϕH) = 0. (21)
From (21) we can express the value of the first derivative d fdϕ (ϕH) as a function of the value of
scalar field on the horizon and the horizon radius, namely
(
dϕ
dr
)
H
=
rH
4λ2 d fdϕ (ϕH)
−1±√1− 24λ4
r4H
(
d f
dϕ
(ϕH)
)2 . (22)
In this expression we have to chose the plus sign since only in this case we can recover the trivial
solution in the limit ϕH → 0. The requirement for positiveness of the expression inside the square
root in the above expression imposes restriction on the possible solutions with nontrivial scalar
field, i.e. black hole solutions exist only when
r4H > 24λ
4
(
d f
dϕ
(ϕH)
)2
. (23)
For Schwarzschild ϕ = 0 and since the coupling function by definition satisfies d fdϕ (0) = 0, this
condition is automatically satisfied. For black holes with nontrivial scalar field, though, eq. (23)
can be violated as we will see below.
We use a shooting method to find the black hole solutions. First, the first order differential
equation for dΦ/dr and the second order equation for ϕ are solved using the above boundary
conditions. The input parameter which determines the black hole solutions is rH and we have
one shooting parameter – the value of the scalar field at the horizon. This shooting parameter is
determined by the boundary condition of ϕ at infinity (19). The metric function Φ is calculated
afterwards also with a shooting procedure using the obtained dΦ/dr and the boundary conditions
(19). As we commented, after we have found the solutions for Φ and ϕ, Λ can be determined
directly without the need for integration using eq. (8). The mass of the black hole M and the
dilaton charge D are obtained through the asymptotics of the functions Λ, Φ and ϕ, namely
Λ ≈ M
r
+O(1/r2), Φ ≈ −M
r
+O(1/r2), ϕ ≈ D
r
+O(1/r2). (24)
IV. RESULTS
The only thing that remains to be fixed is the explicit form of the coupling function f (ϕ). In
the present paper we consider the following function
f (ϕ) =
1
12
[
1− exp(−6ϕ2)] , (25)
that is chosen in such a way that we have both non-negligible deviations from the Schwarzschild
solution and the condition for the existence of solutions with nontrivial scalar field (23) is fulfilled
7for large enough range of parameters. We have explicitly checked that other choices of f (ϕ) that
lead to similar results are of course possible but exploring a large variety of f (ϕ) functions is out
of the scope of the present paper. Instead, we will focus on examining in detail the black hole
solutions with non-trivial scalar field and the non-uniqueness of the solutions.
As discussed above, the Schwarzschild solution with zero scalar field is always a solution of
the field equations but in a certain region of the parameter space it becomes unstable in the frame-
work of the ESTGBT under consideration and new solutions with nontrivial scalar field appear.
Moreover, there can be regions where more than one solution with nontrivial scalar field exists
and this corresponds roughly speaking to the appearance of more than one bound state of the po-
tential in the perturbation equation3 (16). The different branches of solutions will have scalar field
with different number of zeros similar to the eigenfunctions of the perturbation equation (16).
Finding the solutions with nontrivial scalar field might be sometimes numerically difficult and
it is of great help to know the exact points of bifurcation. In the previous sections we discussed
that for M2 < 310λ
2 the Schwarzschild black holes are unstable but this is only a sufficient condi-
tion for instability and the true point of the first bifurcations is actually at a little bit larger masses.
In order to find the points of bifurcation we can use the fact that they are the same as the points
where new unstable modes of eq. (16) appear (for a detailed discussion see [17]). That is why
instead of solving the reduced field equations, we can determine the bifurcations points using the
perturbation equation (16), that is numerically easier. Since we are interested in unstable modes,
ω2 should be negative which leads to the fact that the boundary conditions are zero both at the
black hole horizon and infinity (for more details and derivation see [17]). Therefore, we have a
self-adjoint Sturm-Liouville problem.
We employed a shooting procedure to find the eigenvalues and the eigenfunction of eq. (16)
and determined the regions of the parameter space where the Schwarzschild solution is stable,
where it is unstable and only one unstable mode is present, where two unstable modes are present
and so on. This means that we have determined the points of bifurcation of the Schwarschild
solution which significantly simplifies the search for black holes with nontrivial scalar field.
The obtained black hole solutions are plotted in Fig. 1 where only the first three bifurca-
tions of the Schwarzschild solution are shown in order to have better visibility. We will call the
Schwarzschild solution the trivial branch of solutions (with trivial scalar field) while the rest of
the branches of black holes with nontrivial scalar field will be called nontrivial branches (with
nontrivial scalar field). As one can see, all the nontrivial branches start from a bifurcation point
at the trivial branch and they span either to M = 0 (the first nontrivial branch) or they are ter-
minated at some nonzero M (all the other nontrivial branches). The reason for termination of the
branches at nonzero M is that beyond this point the condition (23) is violated. We should point
out as well, that calculating black holes with nontrivial scalar field for very small M is very diffi-
cult from a numerical points view since the scalar field increases significantly and goes to infinity
as M approaches zero. As discussed above, the different nontrivial branches of solutions are char-
acterized by different number of zeros of the scalar field. For the first branch (the red dashed line
in Fig. 1) there are no zeros of ϕ as one can see in the left panel of Fig. 2, the next one (green line)
has one zero while the third one (blue line) has two zeros as one can see in Fig. 3. For smaller
3 In the present paper we consider only spherically symmetric solutions and therefore l = 0.
8values of M there are more bifurcation points but our investigations show the corresponding non-
tivial branches would be even shorter and that is why we have not plotted them. Moreover, it is
expected that only the first nontrivial branch characterized by a scalar field without zeros will be
stable while the rest of the branches correspond to unstable solutions.
One can notice as well that Fig. 1 is symmetric with respect to the x-axis that can be shown
easily analytically also using the field equations with the particular coupling function (25). Thus
for a fixed M the solutions with positive and negative values of ϕH would naturally have op-
posite signs of the dilaton charge, but they have the same metric functions and thus mass. The
components of the metric gtt and grr, as well as the scalar field as function of the normalized radial
coordinate rH/λ are shown for some representative solutions with different rH/λ in Figs. 2 and 3
for the first tree nontrivial branches. These figures demonstrate what we have commented above
– the different branches of nontrivial solutions are characterized by different numbers of zeros of
the scalar field. As one can see, the metric of the first nontrivial branch can deviate significantly
not only qualitatively but also quantitatively from the Schwarzschild one. We have not plotted
gtt and grr for the next nontrivial branches since they are almost indistinguishable from the pure
general relativistic case.
The dilaton charge as a function of the mass is shown in Fig. 4 and as a function of ϕH – in Fig.
5. As one can see, while the dependence ϕH(M/λ) is monotonic for the first nontrivial branch
and ϕH increases significantly for small masses, D(M/λ) has an extremum (either minimum or
maximum depending on the sign of ϕH) and tends to zero for small masses.
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FIG. 1: The scalar field at the horizon as a function of the black hole mass. The right figure is a magnification
of the left one.
The area of the black hole horizon, AH = 4pir2H and the normalized AH/A
Schwarschild
H , where
ASchwarzschildH is the corresponding area of the Schwarzschild black hole A
Schwarzschild
H = 16piM
2, are
plotted as functions of the mass in Fig. 6. The first three nontrivial branches of black holes are
plotted in addition to the corresponding dependence in the Schwarzschild case. This graph can
be used to better judge how strong the deviations from pure general relativity are. As one can see,
only the first branch of nontrivial solutions (with scalar field which has no zeros) deviates sig-
nificantly from the Schwarzschild case and the deviations are the largest for intermediate masses.
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FIG. 2: The scalar field and the gtt and grr components of the metric as functions of the normalized radial
coordinate r/rH for several black hole solutions that belong to the first nontrivial branch with different
values of rH/λ.
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FIG. 3: The scalar field as a function of the normalized radial coordinate r/rH for two representative solu-
tion from the second and the third branch of nontrivial solutions. The components of the metric gtt and grr
are not shown since they are almost indistinguishable from the Schwarzschild case.
This observation is similar to the behavior of the dilaton change which tends to zero for very large
and very small masses, reaching maximum for intermediate values of M/λ.
Up to now we have shown and discussed the first three branches of nontrivial solutions and
as we commented there are more branches that bifurcate at smaller values of M/λ. In order to
have an indicator for the stability of the black hole branches one can study the entropy of the
black holes. The black hole entropy in the presence of a Gauss-Bonnet term in the action (1) is not
just one forth of the horizon area and its definition is a little bit more complicated. We adopt the
entropy formula proposed by Wald in [19],[20] namely
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FIG. 5: The dilaton charge of the black hole as a function of the scalar field at the horizon. The right figure
is a magnification of the left one.
SH = 2pi
∫
H
∂L
∂Rµναβ
eµνeαβ, (26)
where L is the Lagrangian density and eαβ is the volume form on the 2-dimensional cross section
H of the horizon. In our case we find
SH =
1
4
AH + 4piλ2 f (ϕH). (27)
The entropy as a function of the black holes mass is plotted in Fig. 7. As one can see the first
nontrivial branch has entropy larger than the Schwarschild one and it is therefore thermodynam-
ically more stable. This is an expected results since for masses smaller that the point of the first
bifurcation the Schwarschild solution get unstable and there should be another one. The second
11
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2.
and the third nontrivial branches on the other hand have lower entropy compared to the pure
general relativistic case, which means that they are most probably unstable. The same is expected
to apply for the rest of nontrivial branches that exist for smaller masses. The dynamical stability
of our black hole solutions will be investigated in a future work.
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FIG. 7: The entropy of the black hole as a function of its mass. .
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V. CONCLUSION
In the present paper we have studied black hole solutions in a particular class of ESTGB theo-
ries described by a coupling function f (ϕ) that satisfies the conditions d fdϕ (0) = 0 and
d2 f
dϕ2 (0) > 0.
We have shown that for such theories an effect similar to the spontaneous scalarization of neutron
stars exists – the Schwarzschild solution becomes unstable below certain mass and new branches
of black hole solutions with nontrivial scalar field appear that bifurcate from the Schwarzschild
one at certain masses. The first branch of nontrivial solutions is characterized by a scalar field
that has no zeroes while the scalar field has one zero for the second branch, two zeros for the third
branch and so on. The general expectation, though, is that only the first branch of solutions would
be stable and the rest would be unstable. The main difference with the spontaneous scalarization
of neutron stars is that the scalar field is not sourced the by matter, but instead by the extreme
curvature of the spacetime around black holes. This places the considered solutions amongst the
very few examples of scalarized black holes.
We have explicitly constructed such solutions with nonzero scalar field and it was shown
that the first branch of nontrivial solutions is thermodynamically more stable compared to the
Schwarzshild one. The results presented in the current paper are for a particular coupling func-
tion that can produce non-negligible deviations from pure general relativity. We have tested,
though, several other functions satisfying the above given conditions for f (ϕ) and the results are
qualitatively very similar.
It was demonstrated that the behavior of the scalar field at the horizon ϕH and the dilaton
charge D (i.e. the coefficient in front of the 1/r term in the asymptotic expansion of the scalar
field at infinity) are qualitatively different. While ϕH monotonically increase with the decrease
of the mass (for positive ϕH), the dilaton charge first increases and after reaching a maximum it
decreases to zero. As expected, the AH(M) dependence exhibits similar behavior to D, i.e. the
black hole solutions tend to the Schwarzschild one for very small masses and for larger masses
close to the bifurcation point and the maximum deviation is observed for intermediate masses.
We should note that the above given observations are true only for the first nontrivial branch char-
acterized by scalar field without zeros. The rest of the branches are terminated at some nonzero
mass because beyond that mass they violate condition (23).
We have studied the behavior of the black hole entropy and the results show that the first non-
trivial branch has higher entropy than the Schwarzschild black holes and it is thermodynamically
more stable while the rest of the branches have lower entropy. Thus, the general expectation is
that the first branch of solutions is stable and it is the one that would realize in practice because of
the instability of the Schwarzschild solutions. The other nontrivial branches are supposed to be
unstable. Of course, this can be rigorously proven only if one considers the linear perturbations
of the solutions with nontrivial scalar field that would be done in a future publication.
Finally, let us briefly comment on the following. The black holes we are considering posses
a nontrivial scalar field, and thus they have scalar “hair”. When the branch of the solution is
fixed then this “hair” is secondary which means that the dilaton charge is not an independent
parameter but instead it depends on black hole mass. However, the number of the branches is
an independent parameter introducing a new “hair” of discrete type. One may adopt the view
that only the stable branch has to be considered getting rid in this way of the discrete “hair”.
In our opinion the classification of black hole solutions presented in the present work is rather
13
subtle and needs a much deeper analytical investigation. We shall discuss this problem in a future
publication.
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